It is well known that a module M over an arbitrary ring admits an indecomposable decomposition whenever it has the property that every local direct summand of M is a direct summand [28] . Recently, J. L. Gómez Pardo and P. Guil Asensio [18] have shown that requiring this property not only for M but for any direct sum M (ℵ) of copies of M even yields the existence of a decomposition of M in modules with local endomorphism ring which, moreover, satisfies many nice properties of decompositions studied in the literature, like the exchange property, or the property of complementing direct summands. More precisely, it turns out that all these properties coincide if, instead of considering a single module M, we pass to the category Add M of all direct summands of direct sums of copies of M.
π : i∈I M i −→ lim − → M i associated to a direct system in Add M as above, is even C -pure where C is the class of finitely generated R-modules.
We then focus on two main cases where being -coperfect over S is equivalent to the existence of a perfect decomposition. The first case is when M is a direct sum of finitely generated modules. It is the topic of Section 4, where we also exhibit examples of modules with perfect decomposition related to the notion of pure-injectivity (4.4) or to tilting theory (4.6).
The second case, established in Section 5, is the case of CS (or extending) modules. Actually, here we can even prove that a CS-module has a perfect decomposition if and only if it is coperfect over its endomorphism ring. We close the paper with some examples relating our investigations to known results on decomposition of CS-modules.
Perfect decompositions
Let R be an arbitrary ring, and let Mod R be the category of all right R-modules. By a module M we usually mean a right R-module, and we denote by Add M the category consisting of all modules isomorphic to direct summands of direct sums of copies of M.
We start out by collecting some results on direct sum decompositions of M which are scattered through the literature. First we have to recall some terminology.
A family (N j ) j ∈J of submodules of a module M R is called independent when their sum is direct, i.e. when N k ∩ j =k N j = 0 for all k ∈ J . In such a case, N = ⊕ j ∈J N j is called a local direct summand when ⊕ j ∈F N j is a direct summand of M R for each finite subset F ⊆ J .
Moreover, a family of modules (M i ) i∈I is said to be locally semi-T-nilpotent if for each sequence of non-isomorphisms
−→ M i 3 . . ., with pairwise different indices (i n ) n∈N from I , and each element x ∈ M i 1 , there exists m = m x ∈ N such that f m f m−1 . . . f 1 (x) = 0. If the same condition is satisfied also when we allow repetitions in the sequence of indices (i n ) n∈N 
involved, then the family (M i ) i∈I is called locally T-nilpotent.
Next, let S be a ring with Jacobson radical J (S). We say that a left module S M is coperfect if it satisfies the descending chain condition for cyclic (or equivalently, finitely generated) S-submodules [8] .
Furthermore, the ring S is semiregular if S/J (S) is von Neumann regular and idempotents lift modulo J (S).
Finally, let us recall some properties of direct sum decompositions of modules. A module M is said to have the exchange property if for any equality of the form M ⊕ A = l∈L A l with M ∼ = M there exist submodules B l ⊆ A l such that M ⊕ A = M ⊕ l∈L B l . Furthermore, a decomposition M = k∈K X k is said to complement direct summands if for each direct summand N of M there is a subset L ⊆ K such that M = N ⊕ k∈L X k .
The following result subsumes classical and more recent results due to various authors. Theorem 1.1. The following statements are equivalent for a module M.
(1) Every local direct summand of a module in Add M is a direct summand.
where (X k ) k∈K is a locally T-nilpotent family of indecomposable modules. (3) M has a decomposition in modules with local endomorphism ring, and
M is coperfect over its endomorphism ring.
(4) M has a decomposition in modules with local endomorphism ring, and
End R A is semiregular for all A ∈ Add M.
(5) M has an indecomposable decomposition, and every module in Add M has the exchange property.
(6) Every module in Add M has a decomposition that complements direct summands.
If these conditions are satisfied, we will say that M has a perfect decomposition.
Proof. By [18, 2.3] it follows from condition (1) that M has a decomposition in modules with local endomorphism ring. Moreover, it is shown in [22, Proposition E] that conditions (2) and (3) are equivalent. Then the equivalence of (1), (2) and (4) is a consequence of [21, 7.3.15] , as shown in [2, 4.2] . For the equivalence of (1), (5) and (6) , we refer to [18, 2.3] .
We now want to characterize modules with perfect decompositions in terms of a property of direct limits. We collect here for later reference some wellknown facts about direct limits. (I ) where I is a totally ordered set of cardinality ℵ. For each i ∈ I we consider an idempotent e i ∈ End M (I ) such that Im(e i ) = N i and set f i = 1 − e i . In particular, we get e i (x) = x for all x ∈ N i , and for i ≤ j we have N i ⊆ N j , hence e j e i = e i and f j f i = f j . So, we can construct a direct system (M i , f ji ) I by taking M i = M (I ) and f ji :
We adopt the notation of Lemma 1.2. By assumption, the exact sequence
Our aim is to show that the canonical surjection ν :
/N is a split epimorphism.
We start out by constructing a homomorphism ϕ :
To this end, we fix an index k ∈ I , take the canonical map
Note that by construction ϕ k f k = ϕ l f l for each l ≥ k. But then, since for any element x ∈ N there is an index l 0 ∈ I such that x ∈ Ker f l for all l ≥ l 0 , it follows ϕ k f k (N ) = 0. This shows that ϕ k f k induces a map ϕ : M (I ) /N → lim − → M i . We now investigate the composition of the summation map ∇ : i∈I M i → M (I ) , (x i ) i∈I → i∈I x i with uϕν. Observe first that
As y − f k (y) = e k (y) ∈ N , we infer ν∇uϕν(y) = ν(y). Since ν is an epimorphism, this shows that ν∇uϕ is the identity map and, hence, ν is a split epimorphism.
As a consequence, we obtain a new characterization of modules with perfect decompositions. In the proof, the term totally ordered direct limit means that the underlying directed index set is totally ordered. (1) M has a perfect decomposition. In order to prove (3) ⇒ (1), take a chain (N i ) i∈I of direct summands of a module X ∈ Add M. Then the sequence 0 → i∈I N i → X → X/ i∈I N i → 0 is a direct limit of split exact sequences in Add M, whence it is split-exact and, by [28, 2.16 ] again, assertion (1) follows.
We finally prove (2) ⇒ (3). Since the case when I is finite is trivial, we assume, without loss of generality, that I is infinite. We need to prove that if f :
It is not restrictive to assume that I is totally ordered. Indeed, it is known that if I has cardinality card(I ) = λ, then there is a chain (I κ ) κ<λ of directed subsets of I such that I = κ<λ I κ and card(I κ ) < λ for every κ. By transfinite induction on λ, we suppose the result is true when the underlying directed set has cardinality < λ. Then the induced morphism X(κ) =: lim − →i∈Iκ
, which is a totally ordered direct limit of split monomorphisms in Add M by the induction hypothesis. This proves that the problem is reduced to the case in which I is totally ordered.
So, for the rest of the proof, we assume that I is totally ordered. Let 0
We consider the commutative diagram with exact rows:
where the morphisms are the obvious ones. Since by hypothesis r and β are split epimorphism, the same is true for rβ = δq, from which we get that δ is a split epimorphism as desired.
Examples 1.5.
(1) Every -pure-injective module has a perfect decomposition [22, Proposition E] . More generally, M has a perfect decomposition if it is -pure-split, i.e. every pure submodule of a direct sum of copies of M is a direct summand. Indeed, in this case condition (2) of Theorem 1.4 is satisfied since Ker π is a pure submodule of i∈I M i .
(2) If M is finitely generated, then it has a perfect decomposition if and only if S = End M is a right perfect ring [1, 29.5] . belongs to A ∩ B for every cardinal ℵ, then M has a perfect decomposition.
Indeed
/X F → 0, where X F = α∈F X α for every finite subset F ⊂ . We have X ∈ Add M ⊆ B and, since A is closed for direct limits, we also get that M (ℵ) /X ∈ A . Consequently, the pure-exact sequence 0
/X → 0 is split-exact. Then every local direct summand of M (ℵ) is a direct summand, and therefore M has a perfect decomposition.
Particular cases of this situation are when M R is a tilting module in the sense of [3] such that Add M is closed for direct limits (take A = Add M), and the case when M R is flat and -cotorsion (take for A the class of flat R-modules). Hence, we rediscover, in a more general form, a recent result of Guil-Asensio and Herzog [20, Prop. 7, Theorem 8] . In fact, note that B is always closed under direct limits. So, if A is closed under direct limits, the same holds true for Add M = A ∩ B, and M has a perfect decomposition by Example (4). Conversely, assume that M has a perfect decomposition. Since M is finitely presented, we then know from [2, 4.4] that every pure submodule of a module in Add M is a direct summand. We proceed as in the proof of [4, 4.2] . We first show that every module X ∈ B which is a direct limit of modules from A admits a pure-exact sequence 0 −→ B −→ A −→ X −→ 0 with B ∈ B and A ∈ Add M and therefore belongs to Add M. From this we deduce that A is closed under direct limits.
(6) Every -CS-module has a perfect decomposition. This is shown by J. L. Gómez Pardo and P. Guil Asensio in [19, 2.4] and [18, 2.3] . We will see in Section 5 that a CS-module has a perfect decomposition if and only if it is coperfect over its endomorphism ring.
Further examples will be discussed in Section 4.
Modules which are -coperfect over their endomorphism ring
We know from Theorem 1.1 that every module with a perfect decomposition is coperfect over its endomorphism ring. We now want to investigate more thoroughly the role played by endocoperfectness in this context. To this end we need to consider a stronger condition. Given a ring S and a positive integer r, we will say that a left S-module M is r-coperfect if every direct sum of at most r copies of M is coperfect. Moreover, we will say that M is -coperfect if M is r-coperfect for all r ∈ N.
In order to relate these notions to perfect decompositions, we will need the following result on countable direct limits. Related results can be found in [33] and in [24] , [30] , [31] , [5] . n∈N be a countable family of modules and let 
Proof. Let F be as in Lemma 1.2. Observe that Im F = Im(1 − f ) where 1 = 1 n∈N M n and f ∈ End n∈N M n is given by the matrix  
Let us verify that g is well-defined: If m ∈ N and x ∈ M m , then we can interpret g(x) as the vector whose entries are the homomorphisms in the m-th column of (g ij ) applied on the element x. So, the entries with index n > m have the form
Thus we know by assumption that there is an index l = l(m, x) ∈ N such that pr M n g(x) = 0 for all n ≥ l, and we conclude that g(x) ∈ n∈N M n . We now claim that g(1−f ) is an isomorphism. In fact, the (i, j )-th entry of the matrix representing This proves that 1 − f is a split monomorphism and completes the proof.
Let us now show that modules which are -coperfect over their endomorphism ring are characterized by a "local version" of the property considered above.
Proposition 2.2. Let M be a module with S = End M, and let r be a positive integer. Then the following statements are equivalent. 
Fix m ∈ N and X = {x 1 , . . . , x r } ⊆ M, and consider the descending chain of cyclic S-submodules
By assumption there is an index
. . has the stated properties. The above investigations rise the following questions. Question 1. Let M be a module which is -coperfect over its endomorphism ring. Does it have a perfect decomposition? Question 2. Let M R be a module which is coperfect over S = End M. Is it -coperfect over S?
We have not been able to answer these questions in full generality, although some partial answers will be given in the sequel.
We start with a discussion of Question 2. First of all, note that in general, direct sums of coperfect modules need not be coperfect, see [ 
Note that x is contained in a finite subsum M r 1 of M (I ) . Similarly, a 1 x is contained in a finite subsum M r 2 of M (I ) , and so on. We thus only need to consider suitable r n+1 × r n -submatrices a n of a n , and have to find an index l = l(X) ∈ N and matrices b n ∈ S r n ×r n+1 ⊂ A, n ≥ l, such that a n−1 . . . a 1 x = b n a n . . . a 1 x for all n ≥ l.
For each n ∈ N we write a n1 (x) = a n−1 . . . a 1 x as vector and a n as matrix as follows: which is stationary by a well-known result of Björk [8] . Thus there is an index l ∈ N such that 1≤k≤r n S y k (n) = 1≤k≤r n+1 Sy k (n + 1) for all n ≥ l. But then for each n ≥ l we can write   y 1 (n) . . .
This gives rise to the desired matrices b n ∈ S r n ×r n+1 .
Corollary 2.6. Let R be a ring, M be a right R-module with S = End R (M), and r > 0 an integer. The following assertions are equivalent: −→ Mod R r×r takes M R to the endocoperfect R r×r -module M r , whose endomorphism ring is also S. Then S M r is coperfect for every r > 0, so that S M is -coperfect.
Endocoperfectness and purity
We now come back to Question 1. Given a module which is -coperfect over its endomorphism ring, how far is it from having a perfect decomposition?
We first compare endocoperfectness with -pure-injectivity. To this end, we use that a module M is -pure-injective if and only if it satisfies the descending chain condition on (finite) matrix subgroups [38] . Recall that, if Y R is a module and U a subgroup of the abelian group Y , then U is said to be a matrix subgroup of Y if there is a module A R and an element x ∈ A such that U equals the set We can measure the gap between endocoperfectness and -pure-injectivity by comparing Corollary 2.6 with the following result. (2) ⇒ (1): We use an argument due to W. Zimmermann [40] . Let 
is stationary, and this shows that the original chain is also stationary.
Next, we remind that by Theorem 1.4 a module M has a perfect decomposition if and only if for every totally ordered direct limit in Add M the canonical epimorphism π : i∈I M i −→ lim − → M i is a split epimorphism. We don't know whether this is true when M is -coperfect over its endomorphism ring. But at least we can show that for such M the pure epimorphism π is even a C -pure epimorphism where C is the class of finitely generated R-modules.
We first need some preliminary results. Recall that if C ⊆ Mod R is a class of modules, then an epimorphism p : N ) is an epimorphism for every C ∈ C . We start with an elementary observation, whose proof we leave to the reader:
. Let p : X → → Y be an epimorphism in Mod R and C be a class of modules closed under quotients. If p is a C -pure epimorphism, then the inclusion Ker(p) → Ker(p) + Z is a split monomorphism for every submodule Z of X belonging to C .
If C is the class of r-generated modules for some integer r, then also the converse implication holds true.
The arguments in the proof of the following lemma were given to us by P. Guil Asensio. 
Moreover, M and X satisfy the above equivalent conditions for every chain of direct summands if and only if they do so for every countable chain of direct summands.
Proof. (1) ⇒ (2): Let f : N + X → → N be a retraction for the inclusion N → N + X. Then g = f |X : X −→ N is an R-homomorphism such that g(x) = x for all x ∈ X ∩ N. But since X is finitely generated Im(g) ⊆ N j for some j ∈ I . Then X ∩ N ⊆ N j as desired. For the final statement we only need to prove that if condition 2) holds for every countable chain of direct summands, then it also holds for an arbitrary one. Suppose then that condition 2) holds for countable chains and let (N i ) i∈I be an arbitrary chain of direct summands of M. Suppose that X ∩ i∈I N i is not contained in any N j . Then the set {X ∩N i : i ∈ I } does not have a maximal element, and we can find a strictly ascending chain X ∩ N i 1 ⊂ X ∩ N i 2 ⊂ . . .. So, we get a countable chain (N i k ) k=1,2,. .. of direct summands of M such that X ∩ k>0 N i k is not contained in X ∩ N i l for any l = 1, 2, . . ., which is a contradiction.
Let r > 0 be an integer, and C be the class of r-generated R-modules. We now want to describe when the canonical epimorphism π : (1) The canonical epimorphism π :
(2) For every index j ∈ I and every r-generated submodule X ⊆ M j , there is an index n > j such that the composition 
We claim that the composition
Thus for any x ∈ X we have ϕ l (f lj (x)) = ϕ j (x) = ϕ l gh(ϕ j (x)), hence f lj (x) − gh(ϕ j (x)) belongs to Ker(ϕ l ), and by a well-known property of direct limits, there is an index m > l in I such that f ml (f lj (x)−gh(ϕ j (x))) = 0. Since X is finitely generated, taking m large enough we obtain the latter equality for all x ∈ X, so f mj (X) = f ml gh (Y ) (2) and (3) follows easily.
We now draw some consequences. 
Moreover, by our hypothesis and Proposition 3.4, the canonical epimorphism π :
where C is the class of r-generated modules. By Lemma 3.2, the canonical inclusion Ker(π ) → Ker(π ) + Z is then a split monomorphism for every r-generated submodule Z of M (N) . Suppose now that X is an r-generated submodule of M. Then for a fixed j ∈ N, we have X ⊆ M j and j (X) is an r-generated submodule of M (N) , where
is the canonical inclusion. We have that (1) For every totally ordered direct system
(2) If M ∈ Add M, and (N i ) i∈I is a chain of direct summands of M with N = i∈I N i , then the inclusion N → N + X is a split monomorphism for every r-generated submodule X of M .
Proof. We first prove assertion (1) in case I = N is countable. There is no loss of generality in assuming that there is a set A such that M i = M (A) for all i ∈ N. Then the direct system comes from a sequence of endomorphisms 
Combining Proposition 3.4 with Corollary 3.5, we now obtain assertion (2). Finally, in order to prove assertion (1) in the general case, we recall from Lemma 1.2 that Ker(π ) is the union of a chain of direct summands of i∈I M i . The result then follows from assertion (2) and the second part of Lemma 3.2.
We now obtain the announced result as an immediate consequence. 
where C is the class of finitely generated R-modules.
Finitely generated endocoperfect modules
We now prove that Question 1 has a positive answer for finitely generated modules.
We first need two preliminary results. We have discussed in Section 2 how endocoperfectness behaves with respect to direct sums. As for direct summands, it is straightforward to verify the following result. 
. , x r } ⊆ M such that ann S (M) = ann S (X). Then S is a left semiartinian ring, and the Jacobson radical J (S) is left T-nilpotent. Moreover, if M is indecomposable or -coperfect over S, then S is a right perfect ring.
Proof. By the assumption on M we have an embedding λ :
). Since S M is coperfect, S M r is semiartinian. Then S is a left semiartinian ring, and J (S) is left T-nilpotent, see [32, Prop. VIII.2.6] . Furthermore, if M is indecomposable, then S has the only idempotents 0 and 1 and is thus right perfect by [25, 11.6.3] . Finally, if Mcoperfect over S, then the above embedding λ shows that S satisfies dcc on cyclic left ideals, hence S is right perfect also in this case. 
Proof.
(1) ⇒ (2), (3): S is a right perfect ring by Lemma 4.2, and M has then an indecomposable decomposition, see [17, 3.14] . For (2) ⇒ (1) we refer to [25, Cor. 11.7.2] . We now apply Theorem 4.3 to exhibit some cases in which endocoperfectness already entails a perfect decomposition. Indeed, if M is endocoperfect then each of the cyclic summands of M is endocoperfect by Lemma 4.1, and then, by the foregoing example, has a perfect decomposition. In particular, M is then a direct sum of modules with local endomorphism ring. Now apply Theorem 1.1.
(4) Let R be a Noether algebra, that is, an algebra which is finitely generated as a module over its noetherian center K. Then a finitely generated R-module has a perfect decomposition if and only if it is endocoperfect.
Indeed, if M R is finitely generated, then S = End R (M) is also a Noether K-algebra, thus S is left and right noetherian. Moreover, if S M is coperfect, then S is also left semiartinian by Lemma 4.2, so we conclude that S is left artinian and hence right perfect.
Next, we briefly discuss the relationship between perfect decompositions and the existence of Add M-covers. Here we adopt the terminology of [16] . Notice that covers are also called minimal right approximations. Example 4.6. Assume that M is a * -module in the sense of [11] , or more generally, that M is a finitely generated module such that the functor Hom R (M, −) is exact on any pure-exact sequence consisting of M-generated modules. Then M has a perfect decomposition if and only if the class Add M is covering.
In fact, since M is finitely generated, the covariant functor Hom R (M, −) : Mod R −→ Mod S induces an equivalence between Add M and the category of projective S-modules and turns Add M-covers into projective covers. So, every right S-module of the form Hom(M, X) for some X ∈ Mod R has a projective cover.
Let us now verify condition (5) 
where the maps 1 − f and π in the second row are defined as in the proof of Proposition 2.1, and the map 1 − f * in the first row is defined as 1 S (N) − f * with f * the S-homomorphism given by the matrix
By a well-known argument of Bass [7] we know that C S is flat. We then deduce that C S is projective since it has a projective cover by the above considerations. So the above sequences split, and applying − ⊗ S M, we obtain a commutative diagram
from which we infer that π splits.
Let us now push the arguments in Theorem 4.3 a little further. (2) ⇒ (1): In this case, every finite matrix subgroup is clearly a finitely generated endosubmodule of M, for details see [2, Section 3] . Since, by Theorem 4.7, S M is coperfect, we conclude that M R is -pure-injective. But then every pure-projective right R-module, as an object of Add M, is pure-injective. Therefore R is right pure-semisimple (cf. [26, Theorem 2.1])
Endocoperfect CS-modules
This last section is devoted to another case where endocoperfectness already entails a perfect decomposition, namely the case in which M R is a CS-module. Recall that a module M R is said to be a CS-module (or an extending module) if every submodule U of M is an essential submodule of some direct summand N of M. We further say that a submodule N of M is an essentially closed submodule if it has no proper essential extensions in M. We can then rephrase the above definition by saying that M is a CS-module if and only if every essentially closed submodule is a direct summand.
The investigations in Section 3 will be very useful in this context. In fact, the following is a straightforward observation. So, as a first consequence of Corollary 3.5, we rediscover the following result. We now want to show that endocoperfect CS-modules even have a perfect decomposition.
Lemma 5.4. Let M be a module which is coperfect over S = End M.
(1) For each f ∈ S and each x ∈ M there are n ∈ N and g ∈ S such that (1 − gf )(f n (x)) = 0. Proof.
(1) follows immediately from Proposition 2.2.
(2) The if-part is clear. For the only-if-part, we assume that there is an x ∈ M such that f n (x) = 0 for all n ∈ N. Then by statement (1) there is g ∈ S such that 1 − gf is not a monomorphism. Since Ker(1 − gf ) ∩ Ker gf = 0 and M is uniform, we infer that gf and f are monomorphisms.
Theorem 5.5. A CS-module has a perfect decomposition if and only if it is coperfect over its endomorphism ring.
Proof. By Theorem 1.1 we have to show that every endocoperfect CSmodule has a decomposition in modules with local endomorphism ring. In view of Corollary 5.3 and Lemma 4.1, it only remains to prove that the endomorphism ring S of any endocoperfect uniform module M is local.
We first show that J (S) = {f ∈ S | f is not a monomorphism}. The inclusion ⊆ follows immediately from statement (1) in Lemma 5.4. For the other inclusion, we consider f ∈ S which is not a monomorphism and take an arbitrary g ∈ S. Then gf is not a monomorphism, so Lemma 5.4 tells that M = n∈N Ker(gf ) n . But then h = n∈N (gf ) n is a well-defined endomorphism which is inverse to 1 − gf . This shows that f ∈ J (S).
Now we have only to verify that non-isomorphisms f ∈ S cannot be monomorphisms. Indeed, if f is a monomorphism, then so is f n for any n ∈ N. So, if we choose x ∈ M together with an integer n ∈ N and an endomorphism g ∈ S such that (1 − gf )(f n (x)) = 0, we see that 1 − gf is not a monomorphism and therefore belongs to J (S). Hence gf = 1 − (1 − gf ) is invertible and f is a split monomorphism. Thus f is an isomorphism.
The above results, combined with the work of Gómez Pardo and Guil Asensio [19] , [18] , imply that every -CS-module is endocoperfect. But they also yield a new class of CS-modules with perfect decomposition. In fact, endocoperfect CS-modules need not be -CS, as shown by the following example.
Example 5.6. The ring R = R C 0 C is two-sided artinian and right CS, but (R ⊕ R) R is not CS, see [23] . So R R is an endocoperfect CS-module which is not -CS.
N. V. Dung has shown in [15, 4.3] that if a CS-module has an indecomposable decomposition M = k∈K X k that complements maximal direct summands, then the family (X k ) k∈K is locally semi-T-nilpotent. However, in general, (X k ) k∈K will not be locally T-nilpotent. In fact, there are CS-modules with a decomposition in modules with local endomorphism ring (hence satisfying the above assumption) that are not endocoperfect and thus do not have a perfect decomposition.
Example 5.7. The power series ring R = K [[x] ] over a field K is a local non-artinian PID, and therefore a CS-ring by [14, 12.10] . So R R is a nonendocoperfect CS-module with local endomorphism ring. This also proves that, in Okado's result (cf. Corollary 5.2), the decomposition is not perfect in general.
